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We make use of the method of modulus of continuity [12] and Fourier local- 
ization technique [1] to prove the global well-posedness of the critical Burgers 

equation dtu + ud^u + \u = in critical Besov spaces 13^ ^{M) with p e [1, oo), 
where A = -v/— A. 



> 
in 

j- , 2000 Mathematics Subject Classification: 35K55, 35Q53 

cn ■ 

' Key words and phrases: Burgers equation; Modulus of continuity; Fourier local- 

Q ■ ization; Global well-posedness; Besov spaces 

OO ■ 

o 

1 Introduction 

' We consider the Burgers equation with fractional dissipation in M, 

<^ (1.1) 

yu{x,^) = uq{x), 

where < a < 2 and the operator A" is defined by Fourier transform 



The Burgers equation (1.1) with a = and a = 2 has received an extensive 
amount of attention since the studies by Burgers in the 1940s. If a = 0, the equation 
is perhaps the most basic example of a PDE evolution leading to shocks; if a = 2, 
it provides an accessible model for studying the interaction between nonlinear and 
dissipative phenomena. Recently, in [12] for the periodic case authors give a complete 
study for general a G [0,2], see also [2, 9, 11, 14]. In particular, for a = 1, with help 
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of the method of modulus of continuity they proved the global well-posedness of the 
equation in the critical Hilbert space H^(T'^). 

In this paper, we study the following critical case, 

idtu + udxU + Au = ^^2^ 
[■u(a;,0) = uo{x). 

We use similar arguments as in [1]. Making use of Fourier localization technique and 

the method of modulus of continuity [12], we prove the global wcU-posedness of the 

i_ 

critical Burgers equation (1.2) in critical Besov spaces Bpi{R) with p G [l,oo). 

It is well known that B^^ is the critical space under the scaling invariance. That 
is, if u{x,t) is a solution of (1.2), then ux{x,t) = u{\x,Xt) is also a solution of the 
same equation and ||ua(")^)|| .1 ~ .^ ■ 

Now we give out our main results. The first main result is the following: 

j_ 

Theorem 1.1. Let uq G Bp^(R) with p G [l,oo), then the critical Burgers equation 
(1.2) has a unique global solution u such that 

txGC(R+;5|,)nLL(M+;5|r)- 

Remark 1.1. Because of the restriction of the smooth index s stemming from the a 
priori estimate for the transport- diffusion equation (see Theorem 1.2), we can not get 
the result for the limit case p = oo. 

Remark 1.2. The corresponding question for the quasi-geostrophic equation has been 
a focus of significant effort (see e.g. [1, 4, 5, 8, 13, 18, 19]) and the critical Q-G equa- 
tion has been recently resolved in [13] for periodic case. Based on [13], Abidi-Hmidi in 
[1] and Dong-Du in [8] give the corresponding result for Cauchy problem of the crit- 
ical Q-G equation in the framework of Besov space and Sobolev space, respectively. 
After the present paper is completed, Prof. J.Wu and H.Dong informed us that the 
authors in [9] gave the global well-posedness for the critical fractal Burgers equation 
in inhomogeneous space by similar argument in [8]. 

In order to prove this theorem, we first prove the local well-posedness which is the 

major part of this paper. Next we make use of the modulus of continuity [12] to get 
the global wcll-poscdncss. Wc mention that the property allowing us to remove the 
periodicity is the spatial decay of the solution. 

The key of proving the local wcll-poscdncss is an optimal a priori estimate for the 
following transport-diffusion equation in WL^ : 

[dtu + v.Vu + uK<^u = f ^^^^^^ 
[it(x,0) = uo{x), 

where t; is a given vector field which needs not to be divergence free, uq is the initial 
data, / is a given external force term, > is a constant, < a < 2. Our second 
main result is the following: 
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Theorem 1.2. Let 1 < pi < p < oo, 1 < p < pi < oo and 1 < r < oo. Let s G M 
satisfy the following 

s <l-\ ors<H ifr = 1], 

pi \ pi ) 

s > — ATmin ( — , — ( or s > —1 — Nmin ( —, —) if divv = ) . 

There exists a constant C > depending only on N , a, s, p, pi and r, such that for 
any smooth solution u of {TD)^^a with v > 0, we have the following a priori estimate: 

with Z{T) := \\Vv{t)\\ n_ dt. 

Besides if u = v, then for all s > Q(s > —1 if dWv = 0), the estimate (1.3) holds 
with Z{T) = ||V'y(i)||L<- di. 

Remark 1.3. When a = 2, the above a priori estimate has been proved by R.Danchin 

in [6]. In this paper, we extend Danchin's results to the general case a G [0,2]. 
The proof's key is the use of Lagrangian coordinates transformation together with an 
important commutator estimate. 

The rest of this paper is arranged as fohows: 

In Section 2, we recah some definitions and properties about homogeneous Besov 
spaces, and we will also list some useful lemmas. In Section 3, we prove Theorem 1.2. 
In Section 4, we prove the local well-poscdness. In Section 5, we give the blow-up 
criterion. In Section 6, we complete the proof of the global well-posedness. 



Notation: Throughout the paper, C stands for a constant which may be different 
in each occurrence. We shall sometimes use the notation A < B instead of A < CB 
and Ap:i B means that A < B and B < A. 



2 Preliminaries 

Let us first recall the Littlewood-Paley Theory. Let x and he a couple of smooth 
radial functions valued in [0, 1] such that x is supported in the ball |^ G M''^||^| < |}, 
(f is supported in the shell |^ G < |^| < §} and 

X(0 + E '^(2-^0 = 1' V^GM^; 
Y,vi2-'0 = h VCGM^UO}. 

Denoting ipq{^) = (p{2~'^^) and hq = T~^Pq, we define the homogeneous dyadic blocks 
as 

kqU:=ip{2-iB)u= I hq{y)u{x-y)dy, Vg G Z. 
Jrn 
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We can also define the following low-frequency cut-off: 

SqU := Aj'u. 
j<9-i 

Definition 2.1. Let Sj^ be the space of temperate distributions u such that 

lim SqU = 0, in S'. 

q—*—oo 

The formal equality 

u = KqU 



holds in 5^ and is called the homogeneous Littlewood-Paley decomposition. It has nice 
properties of quasi-orthogonality: 

Aq'AqU = if \q'-q\>2 and Aq>{Sq-iuAqv) = if |g' - g| > 5. (2.1) 

Let us now define the homogeneous Besov spaces: 
Definition 2.2. For s G M, {p, r) G [1, oo]^ and u G (S^, we set 



and 

\W\\rs := sup 2^*11 Aoulkp. 
M^e i/ten define the homogeneous Besov spaces as 

Bp,r ■■= {ueSm\u\\^s^^ <oo}. 

The above definition does not depend on the choice of the couple (x, Remark 
that if s < ^ or s = ^ and r = 1, then Bp j. is a Banach space. 

We now recall some basic properties of the homogeneous Besov spaces. 

Proposition 2.1. The following properties hold true(cf. [15, 16]): 

1. Generalized derivatives: Let cr G M, then the operator h!^ is an isomorphism 
from B;^, to B;y. 



2. Sobolev embedding: If pi < P2 and ri < r2, then Bt, ^ ^ -Sj 



iV(^-^) 



3. If {p,r) G [l,oo]^ and s > 0, there exists a positive constant C = C{N,s) such 
that 

\\uv\\bs < C'(||tt||L°°||'y||o, + ||^^||L°°||lt||Rs )• 
p,r p,r p,r 
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In our next study we require two kinds of coupled space-time Bcsov spaces. The 
first one is defined by the following manner: for T > and p G [1, oo], we denote by 
L^Bp ^ the set of all tempered distribution u satisfying 



p,r 



< GO. 



The second mixed space is Lj,B^ ^ which is the set of all tempered distribution 
satisfying 



u 



Let us remark that, by virtue of the Minkowski inequality, we have 



and 



\u\\lPB^ <\\u\\lp,b'> if P^'^' 



\u\\tp r,s < WuWjp if P > r. 



Now we give some useful lemmas. 

Lemma 2.1. (cf. [10, 17]) Let (p be a smooth function supported in the shell G 

M^|i?i < 1^1 < R2,0 < Ri < i?2}- There exist two positive constants k and C 
depending only on (f) such that for all 1 < p < oo, r>0 and X> 0, we have 

\\(l){X-^D)e-^^"u\\LP < Ce-^^^''\\(f){X-'^D)u\\LP. 
Lemma 2.2. (cf. [6]) Let v be a smooth vector field. Let tpt be the solution to 

'tpt{x)=X+ v{T,'tpr{x))dT. 

Jo 

Then for all t G M"*", the flow tpt is a diffeomorphism over and one has 

||V^f^|Uoc<e^W, 
IIWfi-IdllLoo <e^W-l, 

Jo 

where V{t) = ||Vf (t)||loo dr. 

Lemma 2.3. (cf. [3]) Let v be a given vector field belonging to L^^^^(M"'"; Lip). For 
q & 7i we set Uq := AgU and denote by ipg the flow of the regularized vector field Sg-iv. 
Then for u G ^ with a G [0, 2) and p E [1, oo] we have 

where V{t) = || V'u(r)||Loc. dr and C = C{a,p) > is a constant. 
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Lemma 2.4. Let cr € M and I < p < pi < oo, p2 '■= {l/p — ^- Let Rq : 

{Sq-iv — v) • VAqU — [Aq, V ■ V]u. There exists a constant C = C{N, a) such that 

21''\\Rq\\LP <C( \\Sq>^iVv\\Loo2l'''\\Aq,u\\LP 
^\q'-q\<4 

+ J2 21-<i'\\Aq,\7v\\Loo21''\\AqU\\LP 



q'>q-3 



\q'-q\<4 
q"<q'-2 



<?'>9-3 
\q"-q'\<l 

X {2'i-l'\\Aq>Vv\\LPl + \\Aq> dwv\\LPl)2'l"''\\Aq>,u\\LP^ , 

and the third term in the right-hand side may be replaced by 

C Y 2'i'^''-^^\\Aq,Vv\\LPl\\Sq>_idjU\\LV2. 
|g'-g|<4 

Besides if u = v, the following estimate holds true: 

2'^''\\Rq\\LP <C( Y \\Sq'-lVu\\L^2l'''\\Aq,u\\LP 
^\q'-q\<4 

+ J2 2i-i'\\Aq,Vu\\L^2''''\\Aqu\\LP 

q'>q-3 

+ J2 2^i-'i> 

q'>q-3 
\q"-q'\<l 



q"U\\LP J • 



R.Dancin in [7] gave the proof for the nonhomogeneous case. For the convenience 
of the reader, we wih give the proof for the homogeneous case in the appendix. 



3 Proof of Theorem 1.2 

Proof of Theorem 1.2. Here we only prove the case a G [0, 2) (for the case a = 2, see 
[6]). 

Let Uq := Aqtt and fq := Ag/. Applying A^ to {TD)^^a yields 

dtUq + Sq^iV ■ VUq + vM^Uq = fq + Rq 
with Rq := (Sq-lV — v) • VUg — [Aq, V • V]u. 
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(3.2) 



(3.4) 



Let ipg be the flow of tlic regularized vector field Sg-iv. Denote Ug := Ug o ^g, 
fq ■= fq ° "09 and Rg := Rg o ifjg. Then we have 

dtUg + vk'^Ug = fg + Rg + vGg (3.l) 

with Gq •— M^iUq O ll)g) — {A°'Uq) O l/jg. 

Applying Aj to (3.1) and using Lemma 2.1, we get 

\\^jUg{t)U. < e— *2^"||A,-«o,,||lp + Te— 

Jo 

X {\\Ajfg\\LP + \\AjRg\\LP + iy\\AjGg\\Lp) dr. 

Now from Lemma 2.3 we have 

\\AjGg{t)\\LP < Ce^^Wyi-t(t)25"||ug||LP. (3.3) 

According to Bernstein lemma and Lemma 2.2, we can get 

l|A,-/,(i)l|Lp <2--'||VA,/,||lp 

<2-^||(V/,)oV',||ip||VV',||L- 

<2-^\Vfg\\L4J^-4lo.\\V^I;g\\Lo 
<eCy{t)2«-i||/^||^,. 

Arguing similarly as in deriving (3.4), we obtain 

\\AjRg{t)\\LP<e^''('h'i-^\\RgUp. 

According to Lemma 2.4, we get 

W^MMlp < e^^W2''-^c,(i)2-''^Z'(i)||u(i)||^.^^, (3.5) 

with ||Cq(t)||^r = 1. 

Plugging (3.3), (3.4) and (3.5) into (3.2), taking the norm over [0,t] and mul- 
tiplying both sides by i'p2'^^^'^'p\ we obtain 

uh'^^'+f^WAjUghpLp < 2^(1 - e-^'''^'^'")h'^^\\A,uo,q\\Lp 

+ .-^2^-^^-?-t)e-(*)2^^-tVj,..,, 

+ z.^2^(^+?)2M«e^^WF^-t(t)||«,bp^, ^^'^^ 

+ 2^i-m+^) /"*c (r)Z'(T)e^^M||^x(T)||^. dr. 
Jo 

Let Mo G Z to be fixed hereafter. Decomposing 



j>q-Mo 
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we have for all t G [0, T], 

j>q-Mo 

By Lemma A.l in [6], we have 

IIVAf„^.;l|LP < II^^-i||L(2-^||VJ^-i||l^||Jv,J|l- +2-^o||VV-iL»)||«,||LP. 
This together with Lemma 2.2 and Bernstein lemma leads to 

\\Sq-M,UqhpLP < e^^W(e^^W - 1 + 2-^°)\\u,h.^,. (3.8) 
As AjUo,q = for \j — q\ > 1, from (3.6) we get 

j>q-Mo 

<(1 - e— ''*^-)^2«1.o,.||l. + .-^2^o(^+'^)e^^W2^^^-tVj,..^. ^3 
+ ^^2^o«e^^(*)y^-t(t)2^(^+?)||«,|U.^, 

+ 2^o(i+a) rc^(r)Z'(r)e^^M||u(r)||^. dr. 
Jo 

Plugging (3.8) and (3.9) into (3.7) yields that 

+ Ce^^W (^."^2^°(i+")2'^'"t V.ILpii. 
+ (2-^0 +2^°"yi-t(t))i/^2«(^+?)||«,||iPi, 
+ 2^o(i+a) rc^(r)Z'(r)||n(T)||^. dr). 

Choose Mo to be the unique integer such that 2C2~^o G {^,\] and Ti to be the 
largest real number such that 

Ti < T and CV{Ti) < Cq with Cq = min ( In 2, [-^^) j ■ 

Thus for t G [0, Ti], there exists a constant Ci such that 

+ fcq{T)Z'{r)\\uir)\\^, dr). 

Taking norm yields 
uh\u\\ s+f<Ci(\\uo\\ss +^^"^11/11 .-^+ r^'(r)||«(r)||^. dr). (3.10) 



Splitting [0,r] into m subintervals like as [0, Ti], [Ti,r2] and so on, such that 

C I \\Vv{t)\\Loodt^CQ. 
Arguing similarly as in deriving (3.10), we get for all t G [rjfc,Tfe+i], 

+ f Z'{r)\\u{r)\\^. dr). 

JTk ^' ' 

By a standard induction argument, it can be shown that 

Since the number of such subintervals is m CF(r)C^^, one can readily conclude 
that up to a change of C, 



^0 

+ f Z'{t)\\u{t)\\B^ di). 



(3.11) 



Of course, the above inequality is valid for all p G [/9i,oo]. Choosing first p = oo in 
(3.11) and applying Gronwall lemma leads to 



hlljoo^. <Ce^^(^)(||uob. +1^'^^ 'll/ll (3.12) 
Now plugging (3.12) into (3.11) yields the desired estimate for general p. □ 

4 Local well-posedness 

In this section, we prove the following result: 

Proposition 4.1. Let uq G Bpi{R) with p G [l,oo), then there exists T > such 
that the equation (1.2) has a unique solution u such that 



_ 1 

-oo i' 



~ • '-+0 

Besides for all (3 G M+, we have tl^u G LfB^-^ . 

Proof. We prove this proposition by making use of an iterative method. 
Step 1: approximation solution. 



Let := e uo{x) and let u^~^^ be the solution of the linear equation 

idtu''+^ + u'^a^u^+i + Au"+i = 
|n'*+^(x,0) =uq{x). 

■ -+i 

Obviously € L^(M+; B^^ ), thus according to Theorem 1.2, we have Vn G N, 



Step 2: uniform bounds. 

Now we intend to obtain uniform bounds, with respect to the parameter n, for 
some r > independent of n. 

By making use of Lemma 2.4 and similar arguments as in the proof of Theorem 
1.2, for all r > such that 



r \\u^{t)\\ ,l^,dT<CCo, 

Jo 



we have 

i + <Cy(l-e-''*2^)52p||Agno||Lp 

+ C||u"|| 1,1. 

By Lebesgue theorem, there exist T > and an absolute constant £o > such that 

^{l-e-''^^'')h-p\\AgUo\\Lr'<eo (4.1) 

and 

1 + 1 + i+i<2£o. (4.2) 

_ 1 

On the other hand, by Theorem 1.2 and the Sobolev embedding B^-^^ L°° , we have 

C!^\\u^{t)\\ dr 

1 <Ce "^'^ \\uq\\ 1 <C||no|| i. 

Combining the above results, we have proved that the sequence {vP')neH is uniformly 

~ .1 1-^+1 
bounded in LfB^^^ n -L^-Bp,! ■ 

Step 3: strong convergence. 

~ . i 

We first prove that ('u"')„gN is a Cauchy sequence in L'^Bp^^. 
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Let (n, m) G N^, n > m and u"'"^ := vP- — u™. One easily verifies that 

|^n+l,m+l(3. 0) =0. 

According to Theorem 1.2, we have 

CIKII 1+1 

||^n+i,m+i||^ 1 <Ce ^^''^^ / ||u"'"^5^u"*+\r)|| 1 dr. (4.3) 

By Proposition 2.1 and the embedding B^^ ^ L°°, we have 

1 <||w"'"'|| 1 1,1. 



Substituting this into (4.3) yields 

1+1 T 

||^„+i,^+i||^ 1 <C||u"'"*|L le "-T^p.! / ||M"+^(r)|| 1+1 dr. 
By (4.1), we can choose £q small enough such that 

||^n+l,m+l||^ 1 <e||u"''"|L 1 

roooP rooRP 
-^T -t>p,l -^T -'^p.l 

with e < 1. Now we can get by induction 

^ i 

This implies that (7i")„gf^ is a Cauchy sequence in L^B^^. Thus there exists ii G 
^T^pi s^ch that converges strongly to u in L^Bp^. Fatou lemma and (4.2) ensure 

that u G L^Bp-^ . Thus by passing to the limit into the approximation equation, we 

~ . i . 1+1 

can get a solution to (1.2) in LfB^-^ n L^B^-^ . 

Step 4: uniqueness. 

Let ui and U2 be two solutions of the equation (1.2) with the same initial data 
and belonging to the space L'^B^^ PI L^B^^ . Let ui^2 '■= ui — U2, then we have 

\^Xl,2(.X-,0) =0. 

By similar arguments as in Step 3, we have 

^""ill^i^i+i ft 

||^fi,2|L .1 <Ce / ||mi,2|L . 1 ||'"2('r)|| . 1+1 dr. 



L^B^^, Jo L^Bl, 

Gronwall's inequality ensures that «i = M2, Vt G [0, T]. 
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Step 5: smoothing effect. 

We will prove that for all (3 G M"*", we have 

C{/3+l)||«|| 1 



r^lL„^i+,<C^e '^"-^''ll«IL„.i • (4.4) 

It is obvious that 



rooRP ' rooRJ 



|(i^u)(x,0) = 0. 
When /3 = 1, by Theorem 1.2, we have 

C\\u\\ 

||Mi)IL .i+i<Ce «i II^^IL .1 . 

roooP roooP 

Suppose (4.4) is true for n, we will prove it for n + 1. Applying Theorem 1.2 to the 
equation of f''~^^u yields that 



C\\n\\ 



1 



-1 



r+Mi)IL .i+„+i<C(n+l)e ^» .i+n 

TOO f>P TOO DP 

C(n+2)||«|| ^ 
< Cne ''t'^p,! \\u\\^ 1 . 

TOO RP 

■'"T ^p,l 

For general /3 G M"*", obviously < P < [/?] + 1. Thus by the following interpolation 

T p,l Jjj- £>p 1 

we can get the estimate for general P G M+. □ 

5 Blow-up criterion 

In this section, we prove the following blow-up criterion: 
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Proposition 5.1. Let T* be the maximum local existence time of u in L^B^^ n 
^T^p,! ■ IfT* <oo, then 



/ \\dxu{t)\\L^ dt = CO. 
Jo 

Proof. Suppose Jq ||9a;it(i)||L°° be finite, then by Theorem 1.2, we have 

ViG[0,r*), \\u{t)\\,i <Mr* :=Ce^.'o'*ll^-"(*)ll^°°'^*||wo|| .1 < oo. (5.1) 
■"p,i ^p,i 
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Let r > such that 

^(l_e-^2.)lMr. <eo, (5.2) 

where Cq is the absolute constant emerged in the proof of Proposition 4.1. Now (5.1) 
and (5.2) imply that 

Vt G [0,T*), ^(1 - e-'^^2«)52"||A,u(t)|U. < £0- 

This together with the local existence theory ensures that, there exists a solution 
u{t) on [0, T) to (1.2) with the initial datum u{T* ~ T/2). By uniqueness, u{t) = 
u(t + T* — T/2) on [0, T/2) so that u extends the solution u beyond T*. □ 

6 Global well-posedness 

In this section, making use of the method of modulus of continuity [12], with help of 
similar arguments as in [1], we give the proof of the global well-posedness. 

Let T* be the maximal existence time of the solution u to (1.2) in the space 
~ .1 . i+i 

L°°([0,T*);5p^^) n Ll^{[0,T*);B^-^^ ). Prom Proposition 4.1, there exists Tq > 
such that 

Vi G [0,To], t\\d:,u{t)\\Loo < C||n°|| i . 

Let A be a positive real number that will be fixed later and Ti G (0, Tq). We define 

the set 

I := {T e [Ti,T*y,yt e [T,,T],yx ^ y eRMx,t) - u{y,t)\ < uxilx - y\)}, 

where uj : M+ — > is strictly increasing, concave, a;(0) = 0, a;'(0) < +oo, 
lim^_^o+ ^"{0 — 

^x{\x-y\) =uj{X\x-y\). 

The function a; is a modulus of continuity chosen as in [12]. 

We first prove that Ti belongs to / under suitable conditions over A. Let Co be a 
large positive number such that 

2||tio||L°° < ^{Co) < 3||-uo||l°°. (6.1) 

Since lo is strictly increasing, then by maximum principle we have 

A|x-y| >Co^ \u{x,Ti) - u{y,Ti)\ < 2||txo||L- <ujx{\x-y\). 

On the other hand we have from Mean Value Theorem 

|n(x,ri) - u{y,Ti)\ < \x - y\\\dxu{Ti)\\Loo . 
Let < 5o < Cq. Then by the concavity of to we have 

X\x -y\<So^ uxilx - y\) > ^A|x - y\. 
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If we choose A so that 

X>J^\\dMTi)\\L^, 
a; (do) 

then we get 

< A|x-y| < (5o ^ \u{x,Ti) - u{y,Ti)\ <u;x{\x-y\). 

Let us now consider the case 60 < X\x — y\ < Cq. By Mean Value Theorem and the 
increasing property of a;, we can get 

\u{x,Ti)-u{y,Ti)\<^\\dMTi)\\Loo and u{6o) < iux{\x - y\). 
Choosing A such that 

X>-^\\dMTi)\\L^, 

thus we get 

So < X\x -y\<Co^ Hx,Ti) - u{y, Ti)\ < u^Qx - y\). 
All the preceding conditions over A can be obtained if we take 

A= ""f"7""°°^ ||aXTi)|Uoc. (6.2) 

Prom the construction, the set / is an interval of the form [Ti, T*). We have three 
possibilities which will be discussed separately. 

Case 1: The first possibility is = T* . In this case we necessarily have T* = 00 
because the Lipschitz norm of u does not blow up. 

Case 2: The second possibility is T* G / and we will show that is not possible. 
Let Co satisfy (6.1), then for all t G [ri,r*), we have 

X\x -y\>Co^ \u{x,t) - u{y,t)\ < ujx{\x - y\). 
Since dxu{t) belongs to C((0, T*); B^^), then for e > there exist r)o,R> such that 

£ £ 

\\dxu{t)\\L'^ < \\dxu{T^)\\L'^ + - and ||9^u(r*)||2,oc(Rc ) < -, 

where i?(o,_R) is the ball of radius R and with center the origin. Hence for A|x — y| < Co 
and X or y & B'^ Cq., we have for Vi G [T* , + 770] 

\u{x,t) -u{y,t)\ < \x - y\\\da:u{t)\\Loo(^B-^^^^^) < £\x-y\. 
On the other hand we have from the concavity of cu 

A|x - y| < Co ^ -y\^ '^Adx - y\). 
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Thus if we take e sufficiently small such that 

then we find that 

\\x - y| < Co;x or y e -B^q^^^Cq) ^ \u{x,t) - u{y,t)\ < ux{\x-y\). 

It remains to study the case where x,?/ G B, p, Cqv Since ||9^it(r^)||Loo is finite 
(see Proposition 4.1) then we get for each x G R 

\d:cu{x,T^)\ < Aw'(O). 

Prom the continuity of x — ^ \dxu(x,T^)\ we obtain 

\\dxu{T^)\\L^(^B cn ) < Au;'(0). 

Let 5i <C 1. By the contimiity in time of the quantity ||5a;n(t)||Loo, there exists r/i > 
such that 'it G [T*, % + 771] 

Therefore for A|a; — y| < 5i and x ^ y belonging together to -B^q^^cq^, we have for 
alHG [r*,r* + r7i] 

\u{x,t) - U{y,t)\ <\X- y\\\da:U{t)\\Loo(^B Cn ) 



< Ax-y — -— 



if 

<a;A(|a;-y|). 

Now for the other case since 

Vx,y G S^o_^^^),<5i < A|x- y|; \u{x,T^) - u{y,T^)\ < ux{\x-y\), 
then we get from a standard compact argument the existence of r/2 > such that for 

alHG [r*,r* + r?2] 

yx,y G B^^^ j^_^^y6i < X\x-y\;\u{x,t) -u{y,t)\ <u}xi\x-y\). 

Taking rj = min(?7o, ?7i, ??2), we obtain that T* + G / which contradicts the fact that 
r* is maximal. 

Case 3: The last possibility is that does not belong to I. By the continuity 
in time of u, there exist x ^ y such that 

u{x,T^) -u{y,T^) =u;x{0, with ^ = \x - y\. 
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We will show that this scenario can not occur and more precisely: 
/'(T*) < where f{t) := u{x, t) - u{y, t). 

This is impossible since f{t) < f{T^),yt G [0,r*]. 

The proof is the same as [12] and for the convenience of the reader we sketch out 
the proof. Prom the regularity of the solution we see that the equation can be defined 
in the classical manner and 

/'(T^,) = u{y,T^)dxu{y,T^) - u{x,T^)dxu{x,T^) + Au{y,T^) - Au{x,T^). 

Prom [12] we have 

u{y,T^)d^u{y,T^) - u{x,%)dxu{x,%) < ujxiO^'xiO- 

Again from [12] 

A^fa.T.)- A„(..r.) < 1 + 2,) 2,) -2^.(6 

71" Jo T 

,1 r ^^^^^ + ^) ~ ^^(^^ ~ ^) ~ H 

/, 2 ^ 



where 



< AJ(AO, 



+ 1 /-°° (^(277 + -a;(2r?-0-2a;(e) ^^_ 

Thus we get 

/'(r,)<A(^a;' + J)(Ae). 
Now, we choose the same function as [12] 

\cj,iog5, ife>&, 

here is sufficiently large number and C^^ is chosen to provide continuity of w. It is 
shown in [12], 

V^T^O, a;(ey(O + J(O<0. 
Thus we can get that /'(T*) < 0. 

Combining the above discussion, wc conclude that T* = oo and 

G [ri,oo), \\d^u\\L'>- < Xu'{0) = A. 
The value of A is given by (6.2). 
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7 Appendix - Commutator Estimate 



In this appendix, we give the proof of Lemma 2.4. 
By Sony's decomposition, we have 

Rq = {Sq-lV - V) ■ VAqU - [Aq, V ■ V]u 

= , \]dju + - Aqfs.^V^ 

+ {djR{v^,AqU) - djKqR{v^,u)} 
+ [KqRidlYV.u) - R{dbfV,KqU)] 
+ {Sq-lV - V) ■ VAqU 
= '■ RI+ Rl + Rq + Rq + RI + Rq- 

Above, the summation convention over repeated indices has been used. The notation 
T stands for homogeneous Bonys paraproduct which is defined by 

ffg := Sq,.JAq,g, 
and R stands for the remainder operator defined by 

q'ez 

Note that 

\\Aq,Vv\\L- p^2i'\\Aq,v\\L-, Va G [1,00], g' G Z. (7.2) 
Now let us estimate each term in (7.1). 

Bounds for 2«^||i2j||ip: 

By (2.1) and the definition of Aq, we have 



^1= Yl [Sq'-lV',\]djAq,U 

W-q\<i 



(7.3) 



= E / Hy)[Sq>-iv^ix)-Sq,-iv^{x-2-'iy)]djAq,u{x-2-'^y)dy. 

\q'-q\<4: 

Applying Mean Value Theorem and Young's inequality to (7.3) yields 

2'^^\\RI\\lp<C Y \\Sq'-lVv\\Loo2l'''\\Aq>u\\LP. (7.4) 
\q'-q\<4 



Bounds for 2«^||i2^||Lp: 
According to (2.1), we have 



RI= Yl Sq,-ldjAqUAq,V^. 

q'>q-3 
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By (7.2), we can get 

21''\\RI\\lv<C J2 '2'"'\\^q'v'\\Loo\\Sgr_idjAqU\\LP 

q'>q~3 

<C 2'i-'i'\\\,Vv\\Loo2i''\\\u\\Lv. 

q'>q-3 



Bounds for 21''\\RI\\lp: 
Again from (2.1), we have 

Rq = - \iSq'-ldjUAq,V^) = - ^ AgiAg.djUA, 

\q'-q\<4: k'-g|<4 

q"<q'-2 

Therefore, denoting ^ = | ~ ^ taking advantage of (7.2), we can obtain 



2'i''\\Rl\\LP<C Y 2'i''\\Ag,v^\\Lv4Ag„dju\\LP2 



|q'-g|<4 
q"<q'-2 

<C J2 2^'"'"^^""'"^^2^'5T||A,,Vi;|U.i2^"n|A,»u||L.. 

\q'-q\<4 
q"<q'-2 

Note that, starting from the first equahty of (7.6), one can alternately get 

|g'-g|<4 

<C Yl 2i'^''-^^\\Ag>Vv\\LPi\\Sg,-idju\\LP2. 

|g'-q|<4 



Bounds for 21''\\R^\\lp: 



Rg= Y djiAqiv'J AqAqiiu) - Y djAq{AqiV^ Aq„% 

\q'-q\<2 q'>q-3 
\q"-q'\<l \q"-q'\<l 

=:Rr+Rr. 

By (7.2), we can get 

2^"Pg''lkp<C Y l|Ag'V^;|U-2'?''^||A,.u||iP 

k'-Ql<2 
\q"-q'\<l 

<C Y 2'''^^\\Aq,Vv\\Lvl2'i'''\\Aq.u\\Lv. 

k'-«l<2 

\q"-q'\<l 
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For Rq , we proceed differently according to the value of - + — . If - + — < 1, we 

denote — := ^ + — and have 
V3 p pi 



( N N \ 

<?'>g-3 

\q"-q'\<l 

<C 2l^^+''h'^^\\Aq,v\\LPl\\Ag.u\\LP 

q'>q-3 
\q"-q'\<l 

q'>q-3 
\q"-q'\<l 



If - + — > 1, taking pi = p in the above computations yields 

q'>q-3 
|g"-g'|<l 

<C Y 2''(^+'')2'^^||Ag/t;||^y||Ag "u\\lp 

q'>q-3 
\q"~q'\<l 

<C Y 2^^-^')('+"+^)2^'^||A,,V^;|U.i2«'n|A,.u|U.. 

q'>q-3 
\q"-q'\<l 

Putting (7.9), (7.10) and (7.11) together, we obtain 



2^' 



'''\\Rt\\Lp<C Y 2^^-«')('+"+'^'"'°^^+F^)) 



q'>q-3 
\q"-q'\<l 



q"U\\LP- 



Bounds for 2«^||i?5||^p: 
Similar computations yield 



21''\\RI\\lp <C Y 2(''"'''^(''+^"''"^^+7)) 



q'>q-3 
\q"-q'\<l 

X 2' PI \\AqidiYv\\LPl2'^'^\\Aq»u\\LP. 



Bounds for 21''\\RI\\lp: 



q'>q-l 



(7.10) 



(7.11) 



(7.12) 



(7.13) 



19 



thus by Bernstein lemma, we have 

2'i''\\Rl\\Lv <C 2'i-'i'\\\,Vv\\Loo2l^\\l^qU\\Lv. (7.14) 
q'>q-l 

Combining inequalities (7.4), (7.5), (7.7) or (7.8), (7.12), (7.13) and (7.14), we 
end up with the desired estimate for Rq. 

Straightforward modifications in the estimates for R^, R^ and R^ leads to the 
desired estimate in the special case where u = v. 
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